One of the most important operations in nuclear power plants is load following, in which an imbalance of axial power distribution induces xenon oscillations. These oscillations must be maintained within acceptable limits otherwise the nuclear power plant could become unstable. Therefore, bounded xenon oscillation is considered to be a constraint for the load following operation. In this paper, the design of a sliding mode control (SMC), which is a robust nonlinear controller, is presented. SMC is a means to control pressurized water nuclear reactor (PWR) power for the load following operation problem in a way that ensures xenon oscillations are kept bounded within acceptable limits. The proposed controller uses constant axial offset (AO) strategy to ensure xenon oscillations remain bounded. The constant AO is a robust state constraint for the load following problem. The reactor core is simulated based on the two-point nuclear reactor model with a three delayed neutron groups. The stability analysis is given by means of the Lyapunov approach, thus the control system is guaranteed to be stable within a large range. The employed method is easy to implement in practical applications and moreover, the SMC exhibits the desired dynamic properties during the entire output-tracking process independent of perturbations. Simulation results are presented to demonstrate the effectiveness of the proposed controller in terms of performance, robustness, and stability. Results show that the proposed controller for the load following operation is so effective that the xenon oscillations are kept bounded in the given region.
Introduction
Nuclear reactors are very time-varying and constrained systems and their characteristics vary with operating power levels. Changes in reactivity with fuel burn up generally degrade systems performance. Furthermore, if the load following operation is desired, daily load cycles can significantly change plant performance. During load following, axial flux distribution is imbalanced. It induces xenon oscillations because the absorption cross section of xenon is extremely large and its effects in a nuclear reactor are delayed by the iodine precursor. Monitoring the xenon oscillation within acceptable limits is a constraint for the load following operation. Therefore, the power tracking control problem, during load following, is indeed a constrained control problem [1] .
It is hard to get satisfactory performance with the classic control strategy to control nuclear reactor power [2] . Therefore, in order to establish good operational performance of nuclear power plants, many investigations have been proposed in the field of reactor core control. Edwards et al [3] demonstrated improved robustness characteristics of SFAC (state feedback assisted classical control) to cope with changes of reactor parameters over that of CSFC (conventional state feedback control). In another work, Park and Cho [4] introduced a model-based feedback linearization controller with adaptive Proportional Integral (PI) gains. They also designed a model-based two-stage controller [5] . These control systems were mostly based on an approximate linear core model and hold true in limited range, the performance of which will lapse if the range is exceeded.
In recent years, various controllers have been used for controlling the power of nuclear reactors [2] including those using neural network methods, fuzzy logic methods [6, 7] , emotional learning based intelligent controllers [8] , and robust optimal control systems. The above-mentioned control strategies for nuclear reactors are based on the point kinetics reactor model without considering xenon oscillations to be bounded. In recent years, model predictive control methods have been applied to the load following operation problem, with special consideration given to xenon oscillations [1] ; however, this method is hard to implement and has high computational volume. In spite of many advanced control methods having been proposed for controlling nuclear reactor core power, it seems that a simple and high performance control system is still needed for the load following operation. By contrast, a successful strategy to control uncertain nonlinear systems is the sliding mode control (SMC). The sliding mode controller is an attractive robust control algorithm because of its inherent insensitivity and robustness to plant uncertainties and external disturbances [9] . In addition, it is easy to implement in practical applications. In this paper, an SMC system is designed to control a pressurized water nuclear reactor (PWR) power based on the two-point kinetics equations with three groups of the delayed neutrons considering neutron absorber poison.
The goal of this paper is to present an SMC system for the load following operations of nuclear reactors such that xenon oscillations are bounded within acceptable limits. Stability of the designed SMC system is analyzed using the Lyapunov synthesis. The computer simulations demonstrate the effectiveness of the proposed control system in diverse operating conditions.
The outline of the paper is as follows: Section 2 describes a two-point nuclear reactor model; Section 3 describes xenon oscillations and the axial offset (AO); Section 4 gives a brief description of the relevant theory and control design algorithms used in this paper; in Section 5, the design of the proposed controller applied to the nuclear reactor load following a problem is presented; Section 6 shows the simulation results; and Section 7 concludes the paper.
2.
Two-point nuclear reactor model
For this study, the core of a nuclear reactor was divided into two equal halves (top and bottom). To simulate the nuclear reactor core, two-point kinetics equations with three groups of the delayed neutrons are used. The model assumes feedback from lumped fuel and coolant temperatures. The effect of xenon concentrations is also included in the two points. Two halves are coupled together through neutron diffusion. Also, two banks of control rods are considered. The first control rod bank is always assumed to travel through the top to reach the bottom of the core, and the second control rod bank is assumed to control the AO which does not exceed the lower half of the reactor and only affects the top of the core. The normalized model, with respect to an equilibrium condition, based on two-point kinetics equations with three delayed neutron groups are as follows:
where n r is relative neutron density to initial equilibrium density and c ri is the ith group precursor density normalized with the initial, equilibrium density. Subscript, t and b refer to the top and bottom of the reactor, respectively, and a specifies the coupling coefficient, which is dependent upon the geometry, material composition, and the characteristic distance between the top and bottom halves of the core. This can be expressed as:
where v represents thermal neutron speed, D is the diffusion coefficient, d denotes distance between top and bottom halves, S is the area of interface between two halves, and V is the volume of each half. The reactor power is displayed as follows:
where P 0 is the nominal power (MW). Based on a lumped fuel model, the thermal-hydraulics model of the reactor core is represented as follows [10] :
The equations related to the changes of the xenon concentration are as follows [11] :
Vector w ¼ [w nrt , w crt , w xt , w It , w nrb , w crb , w xb , w Ib ] and is vector of bounded uncertainties.
Finally, the reactivity input and feedback to the two-point kinetics model are represented with the following equations:
Eqs. (10) and (11) demonstrate that the reactivity insertion at the top of the core is affected by both the first and second control rod banks and reactivity insertion at the bottom of the core is affected only by the first control rod bank, which is assumed to travel through the top to reach the bottom of the core.
Xenon oscillation and AO
During the load following operation, the occurrence of xenon distribution oscillation following the change of reactor power can cause oscillation in the power distribution. Such oscillation may be unstable in nature. One task in core power distribution control is to suppress xenon oscillation as effectively as possible, or to control the core thermal power distribution along with the safety limitation on local power peaking during the load following operation. Local power peaking in nuclear reactors is a complex phenomenon, resulting from different reactor parameters such as xenon oscillation. To simplify this phenomenon, local power peaking is usually divided into two radial and axial components. While radial power peaking is usually flattened once at the beginning of cycle, the axial power peaking is continuously changing. AO is the parameter usually used to determine the core peaking power. This parameter is used as the performance index in order to evaluate the spatial distortions of power, which is defined by the difference between the thermal power generated in the top half and that in the bottom half of a core reactor in the axial direction as follows [12] :
where P t and P b denote the fraction of thermal power generated in the top and bottom halves of the core, respectively. During the load following operation, the AO should be kept within a control band (target boundaries) at a neighbor reference AO (AO ref ) value that corresponds to the most stable axial power distribution possible for existing core condition, that is, the power shape that exists at full power with equilibrium xenon and no control rods in the core [13] .
The main challenge of the reactor control during the load following operation is to maintain the axial power peaking (AO) within certain limits, about a reference target value.
The limitation on the core AO can be analyzed in P r ÀDI coordinates, where DI is the normalized AO and is defined as:
where P r is the relative core thermal power and DI represents the difference between the power in the top half of the core and the power in the bottom half of the core as a fraction of the full power.
In the constant AO strategy, the limitations on the core AO value can be shown by two parallel lines in the P r À DI coordinate [12] . This means that the core working conditions in P r ÀDI coordinates must lie within a certain band (e.g., 5%) during any power transient (Fig. 1) . Therefore, presenting normalized AO (DI) in the P r À DI coordinate is used as index performance to evaluate whether the xenon oscillation is bounded or not.
This control constraint protects the reactor from any divergent xenon oscillation and would ensure safe operation of the reactor during load following transients.
In order to show the axial xenon oscillation, we define the normalized axial xenon oscillations index (AXOI) as follows:
where X t and X b are xenon concentrations in the upper half and lower half of the core, respectively, and X 0 is equilibrium xenon concentration at the full power of the reactor. This index shows the normalized difference between xenon concentration in the upper and lower halves of the core. All the parameters have been described in Table 1 . Also, parameters of the nuclear reactor at the middle of a fuel cycle in 100% nominal power are given in Table 2 . 
Preliminary
In this section, a brief description of the relevant theory and control design algorithms used in the development of the PWR nuclear reactor power controller is given.
SMC
SMC is a variable structure control system. A sliding mode is a motion on a discontinuity set of a dynamic system and is 
characterized by a feedback control law and a decision rule known as switching function. For the class of systems which can be applied, sliding mode controller design provides a systematic approach to the problem of maintaining stability and consistent performance in the face of modeling imprecision.
Consider a general nonlinear system:
where f, g, and h are sufficiently smooth functions.
Let e(t) ¼ yÀy d be the tracking error. In addition, a stable switching surface s(t) in the state-space R (r) can be defined by the scalar equations (t)¼0, where:
where r is a relative degree and m is a strictly positive constant which defines the bandwidth of the error dynamics. 
Remark 1:
The relative degree r for the nonlinear system (15) is the integer for which the following equations hold [14] :
where L p hðxÞ ¼ vhðxÞ vx
:p for p ¼ f, g is the Lie derivative of the function h(x) [14] .
Considering Eq. (16), the tracking problem amounts to remaining on the switching surface for the rest of time. The SMC design is then choosing the control input in such a way as to satisfy the following attractive equation:
where h is a strictly positive constant which determines the desired reaching time to the sliding surface. The attractive Eq. (18) is also called a sliding condition, which implies that the distance to the sliding surface decreases along all system trajectories. Furthermore, the sliding condition makes the sliding surface an invariant set, that is, once a system trajectory reaches the surface, it remains on it for the rest of the time. In addition, for any initial condition, the sliding surface is reached within a finite time. In order to achieve the sliding mode, the control rule needs to be discontinuous along the switching surface. Since switching is not spontaneous and the S value is not exact, the variable structure control application is not completed and chattering occurs in the vicinity of the sliding surface. It is possible to excite the dynamic high frequencies. Therefore, it should be reduced and deleted so as to be able to apply the variable structure controller well [14] .
Here, in order to reduce chattering, the boundary layer around the sliding surface strategy will be used [15] .
In SMC tanh(s) will be used instead of sign(s) as follows:
where 4 is the width of the boundary layer.
SMC design to control the PWR power
According to two-point kinetics equations and considering the two control rods speeds, Z r1 and Z r2 , as the control inputs, the relative degree of the reactor system is two and therefore, at 
the first step of the sliding mode controller design, the desirable two sliding surfaces are represented as follows:
where e 1 (t) and e 2 (t) are tracking errors of the desired relative power and normal AO respectively:
The sliding surface is reached in a finite time t r ¼ jsð0Þj h and the trajectory of the system stays on the manifold thereafter, where s(0) is an initial value of a sliding surface and h>0. Now, using the sliding surface and estimated values from an observer, control input is chosen to satisfy the attractive Eq. (18) using Eq. (19).
Stability analysis of the designed SMC system
In this section, stability of the designed SMC system is analyzed using the Lyapunov synthesis. Consider the Lyapunov-like function: 
Eq. (23) implies that the Lyapunov function (22) is bounded and hence s is bounded. However, the convergence of s 1,2 to zero cannot be established.
To show the convergence of s 1,2 , we can use Barbalat's lemma [16] . Towards this end, consider:
It can be seen that € V is bounded since s 1 and s 2 and 
bounded, and €
V is also bounded, we can infer from the Barbalat's lemma that _ V/0 as t/∞ and hence s 1, 2 /0. Based on the applicable inputs in nuclear power plants, a designed SMC system is applied to the reactor and results are indicated in the next section.
Simulation results
It was assumed that initially the controlled plant was at an equilibrium condition. w nrt , w crt , w It , w Xt , w nrb , w crb , w Ib , and w Xb are bounded uncertainties and bounded disturbance and, respectively, are given by jw nrt j < 0.000486, jw crt j < 0.00433, jw It j < 0.00003, jw Xt j < 0.0000233, jw nrb j < 0.000486, jw crb j < 0.00233, jw Ib j < 0.00003, and jw Xb j < 0.0000233. In this section, to evaluate the performance and robustness of the proposed control structure, a set of simulations performed on the reactor model described in Section 2 are reported. Three different transients have been used to evaluate the performance of the controller. In all of these cases, the objective is to follow the reference power in the reactor.
Figs. 2e9 show the performance of the SMC system for 100%/ 50%/ 100% demand power level changes with the rate of 25%/hr. The desired power is reached quickly, with no overshoot or oscillation.
The allowable core DI is limited to À15 ± 5%, where À15% corresponds to the AO at the nominal power. Fig. 3 shows core DI limitations and real core DI at each time step and Fig. 4 shows them in coordinate. These figures show that DI is bounded within acceptable limits during the load following operation. Control rod reactivity at the top and bottom of the reactor is shown in Figs. 5 and 6. The xenon concentration in the upper half and lower half of the core is shown in Figs. 7 and 8 , respectively. As shown in these figures, the xenon concentrations in the upper half and lower half of the core are kept bounded during load following. The normalized axial xenon oscillation index is shown in Fig. 9 . This figure shows that the proposed control scheme maintains axial xenon oscillation as bounded.
Figs. 10e17 show the performance of the proposed controller for the second pattern of load following which demands relative power that is 40%/ 50%/ 30%. In this case, as in the previous one, the reactor power follows the desired power level well, as shown in Fig. 10 . Also, DI is bounded within acceptable limits as shown in Figs. 11 and 12 shows P r ÀÀ jDI. Control rod reactivity at the top and bottom of the reactor is shown in Figs. 13 and 14 . Xenon concentration behavior in the core (upper half and lower half) and axial xenon oscillation are shown in Figs. 15e17, respectively. As shown in Fig. 17 , the axial xenon oscillation is kept bounded during load following.
Figs. 18e25 show the performance of the proposed controller for the third pattern of load following which demands that relative power is 100%/ 20% with a rate change of 160%/hr. In this case, as in the previous ones, the reactor power follows the desired power level well, as shown in Fig. 18 .
Figs. 26e33 illustrate the SMC system behavior under the parameter uncertainties and external disturbance. All system parameters are perturbed by ±20% from their nominal values. The results show that robustness and stability have indeed been achieved. Also, it is observed that load following and axial xenon oscillation limits are satisfactory in the presence of the parameters uncertainties and disturbance.
To confirm the superiority of the designed sliding controller, a comparison of the SMC and the conventional Proportional Integral Derivator (PID) controller with optimal gains was performed. In comparing with SMC, a conventional PID controller with optimal gains in the presence of uncertainties and disturbance is depicted in Fig. 34 for 100%/ 60%/ 100% demand power level change with the rate of 20%/h. The allowable core DI, limited to À10 ± 5%, where À10% corresponds to the AO at the nominal power.
Considering Fig. 26 , a faster response and better tracking of the desired power can be observed for the SMC. Fig. 35 shows the normalized axial offset (DI) of the reactor accrued by a conventional PID controller, which considering Fig. 27 , has a lower performance compared to SMC.
Conclusion
In this paper, an SMC has been presented for core power control of the PWR to improve the load following capability. Also, xenon oscillations were bounded within acceptable limits. The xenon oscillations have been considered to be the main constraint for the load following control problem. Stability of the designed SMC system has been analyzed using the Lyapunov synthesis, thus the control system was guaranteed to be stable within a large range. Simulation results indicate the high performance of this new control design, and also show that xenon oscillations and normalized AO are bounded within acceptable limits, in the presence of bounded uncertainties and bounded disturbances. This approach provides a high performance controller for the system while the simplicity of the controller structure and design procedure, as well as the satisfactory tracking performance and robust stability, are remarkable compared to previous designs. 
